The chiral phase transition of the finite temperature QCD is discussed in the ladder approximated Exact (Wilson's) Renormalization Group (ERG). The gluon thermal mass is incorpolated by the Hard Thermal Loop (HTL) approximation. We calculated a critical temperature T c and a critical exponent ν with this approximation. The critical temperature was found as: T c ≈ 103 MeV for three flavors. It was shown that critical temperature considerably depends on the approximation scheme for the gluon thermal mass terms. We also calculate the temperature dependence of the chiral condensate, π decay constants, and the pion velocity.
§1. Introduction
Explorations of the chiral nature of QCD at high temperature is an experimental as well as a theoretical interest. It is relevant to the eary univese and to the heavy ion collisions at RHIC and planned at LHC. It is believed that the approximate chiral symmetry observed at bare lagrangian is dynamically breaks down at zero temperature due to the chiral condensate contained in QCD vacuum. At high temperature, the chiral condensate is expected to melt, and the chiral symmetry is restored at a certain critical temperature. Since the purturbative methods can not applied to non-trivial QCD vacuum, so we need non-purturbative method, such as the lattice Monte-Carlo simulation, the Schwinger-Dyson equation, and the Exact Renormalization Group, for investigating the vacuum structure of QCD at high temperature.
For the zero temperure case, the Schwinger-Dyson equations (SDEs) has been studied 1), 2) and applied to the strong coupled QED and QCD.
3), 4) Commonly, the so-called (improved)
ladder approximation 3) has been applied to solve SDEs. Although these approximation scheme seems to be fairly crude, the SDEs offers surprisingly good results on the dynamical chiral symmetry breaking in QCD. For the finite temperature gauge theories, the SDEs were also applied.
The hot QED was discussed in the instantaneous-exchange approximation for the gauge boson propagator including the screening effect.
5) The chiral phase transition of the hot QCD was studied by neglecting the gluon thermal/Debye mass term. 6), 7) It is no longer to say that we should apply more realistic approximation for the gluon propagator, e.g. a Hard Thermal Loop resummed one. However unfortunately the improvement of the above approximations seems to be difficult due to the complexity of the integral equation.
The Exact Renormalization Group (ERG) has been applied to investigate the chiral nature of the strong coupling gauge theory at zero temperature. 8) With ERG method, we can study the chiral critical behavior in very simple manner, and if we approximate the ERG flow equations to the ladder-like corrections then it leads the identical results with those obtained by solving ladder SDEs. It should be noted that we can improve the approximation scheme systemtically, e.g. incorpolating the "crossed-ladder" diagrams. Especially, large gauge dependence of the solutions obtained by the ladder SDEs 9) has been improved in the case of the chiral critical behavior in QED.
10)
For the finite temperature, the chiral nature has been investigated by the "Quark-Meson model" in ERG method.
11) The Quark-Meson model is defined at 'so-called' compositeness scale k Φ ≈ 600 MeV from the zero temperature QCD and therefore does not incorpolate the thermal screening of the gluon interaction. It is expected that the mesonic bound states formed at short scale region: k > k Φ and are not affected by the long distance: k < k Φ behavior of the gluon propagator. It is one of the issue whether the thermal screening effect 2 to the chiral behavior can be neglected or not.
In this paper, we investigate the chiral phase transition of the hot QCD in the ladder approximation with including the gluon thermal masses in Hard Thermal Loop (HTL) approximation. The formation of the chiral condensate is remarkably affected by the thermal screening. Especially, the critical temperature is remarkably decreased in comparison with that given by neglecting the thermal masses. We also calculated the temperature dependence of the order parameters, i.e. the chiral condensate and the pion decay constants. We estimated the temperature dependence of pion velocity too, from the ratio of spatial component of decay constant and temporal component of that, which become different at finite temperature.
12)
This paper is organized as follows. We explain our approximation scheme and derive the ERG flow equations in §2. In §3 we show the numerical resluts. §4 is devoted to the summary and discussions. §2. The ERG equation
In this section we explain the approximation scheme first, and next we derive the ERG equation. Let us start form N f -flavor QCD at finite temperature T . The bare Lagrangian density L given by 
2)
The third term is gauge fixing one, and the fourth is from FP ghosts. We choose the Landau
Axial current is defined as J a 5µ ≡qγ µ γ 5 λ a q, where a denotes iso-spin indices and λ a are the
Gauge interaction
There exists some problems in the application of the ERG to gauge theory because of the infrared cutoff term which explicitly breaks gauge invariance. 14), 15) There are two ways * ) Axial chiral symmetry U (1) A is broken due to anomaly. However in ERG framework this breaking can not appear because of IR cutoff 13) . Now, our purpose is not calculating meson spectrum such as η meson mass. So the absence of U(1) anomaly does not influence our analysis.
3 to treat the gauge theory. One is generalizing the ERG keeping the gauge symmetry.
15)
This is of course an ideal method, however their formulations are not accompanied with the non-purturbative approximation method. The other is introducing the gauge non-invariant counter terms to compensate gauge invariance. Hence, the bare action does not satisfy Slavnov-Taylor Identity, but Modified one.
14) However, since we would like to introduce the gluon self energy in HTL approximation, we must calculate the momentum dependent gluon self energy and therefore relevant terms of the Modified Slavnov-Taylor Identity (MSTI)
becomes complicated integral equations. Fortunately, in the ladder approximation we can employ following simple way to incorpolate the gluonic corrections. Let us replace the gauge sector by the non-local four fenmi interaction induced by the one gluon exchange, i.e.
where g(p, k) and G AB µν are the running gauge coupling constant and the gluon propagator respectively. Note that, since other correction from the gluon fluctuations does not contribute to the ladder approximation, our treatment does not mean the additional approximation. Now, what we should investigate is reduced to the fermionic theory interacting through the non-local four fermi interaction (2 . 4) and the ladder approximate solutions can be found in the leading order of 1/N c expansion with the coupling constantḡ:
The argument of the gauge coupling constant should be taken as g(p, k) = g((p + k) 2 ) to satisfy the chiral Ward identities 16) . The infrared singulality of the gauge coupling constant is regularized as :
484 MeV which is known to offer the pion decay constant of the experimental value f π = 94 MeV at zero temperature in the ladder approximated SDEs.
4)
At high temperature gluons become massive by thermal fluctuation. We incorpalate the Debye-screening effect to the gluon propagator G AB µν in HTL approximation. The gluon selfenergy is gauge dependent quantity, contrary to the photon self-energy in QED. However HTL approximated one has no dependence on the choice of gauge. In finite temperature, the self-energy matrix takes the following form:
The projectors P L µν and P T µν are given by
We use the following notation,p µ = (0, p) andδ µν = diag(0, 1, 1, 1). One can easily verify that P T µµ = 2, P L µµ = 1. In HTL approximation, F and G take the form 17) :
where η = ip 0 /|p|. At temperature T , the thermal mass m HTL and Φ(η) are given by
The auxiliary fields
It is convenient to introduce the auxiliary fields for the quark-antiquark pairs to make calculation efficient. 8) We introduce the auxiliary fields for the composite operatorsq Λ AUX q Λ AUX and iq Λ AUX γ 5 q Λ AUX , where q Λ AUX is the low enegy mode of the quarks defined by
The q 0 integral reduces to Matsubara sum, i.e. q 0 → 2(n + 1)πT, n = 0, ±1, ±2, · · ·. The intermediate momentum scale Λ AUX plays similar role to the compositeness scale k Φ in Ref.11).
However we do not impose the compositeness conditions at this scale. The auxiliary fields σ and π are introduced by inserting the following trivial Gaussian integrals:
where N is a irrelevant constant and β ≡ 1/kT * ) . Since the compositeness conditions 18) are not imposed, M 2 and y are the arbitary constants. Of course, the physical quantities should be independent of M 2 , y and Λ AUX . * ) In the following, we choose units such that Boltzmann constant k = 1.
Using G 1 of (2 . 4) and the contribution from (2 . 13) and (2 . 14), we can write our Lagrangian density L A as
where
The ERG evolution is divided in two regions, Λ > Λ AUX and Λ < Λ AUX . In high energy region Λ > Λ AUX , L A describes a pure fermionic system interacting though G 1 . At Λ = Λ AUX , additional Yukawa interaction and four fermi interaction are swiched on. In Λ < Λ AUX , our model becomes the quark-meson system with the gauge interaction G 1 .
Flow equations in ladder approximation
Now, let us derive the ERG equation. The flow equation decsribes the change of the effective average action Γ Λ under an infinitesimal shift of the infrared momentum cutoff Λ.
We start with the construction of Γ Λ . The generating functional of connected Green function is
where S bare is the bare action, i.e. S bare = dτ d 3 xL A , and {η, η} are external sources. In the ladder approximation, the bosonic degrees of freedam, σ and π are not integrated. The IR cutoff term S cut is introduced only for the (anti-)quark fields,
Here ∆ −1 is a chiral invariant cutoff operator and has the property,
Note that, since the bosonic fluctuation does not contribute to the ladder approximation, therfore σ, π are not integrated in (2 . 17).
The cutoff effrective action Γ Λ is defined by Legendre transformation 20) where Φ is given by δW Λ [J]/δJ and we use the shorthand notation of the extarnal sources: J = {η, η T }. Note that, since S cut preserves the chiral symmetry, the effective action also respects it.
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Differentiating both sides of Eq.(2 . 17) and using (2 . 20), we get the ERG equation for the effective average action 19) ,
where Str is super-trace which involves momentum (or coordinate) integration, Matsubara summation, spinor summation and color summation. Γ
Λ is a second (functional) derivative with respect to the fields
We employ the sharp cutoff sheme in this paper since in smooth cutoff case we must perform the momentum integration with respect to the spatial momenta numerically for each Matsubara mode. We want to avoid such a tiresome and unpractical work. The sharp cutoff limit of Eq. (2 . 21) can be written as 20) :
where Γ (2) is a interaction part of the second derivative of Γ Λ and γ(q) is inverse propagator:
The infrared cutoff propagator G(q) is given by,
It is known that, in the sharp cutoff case the vertices of the effective action Γ Λ should be expanded in powers of |p| ≡ √ p 2 instead of the derivatives ∂ µ 20) . Heaviside θ funciton in ERG equations is also expanded in terms of |p| as
wherep is a unit vector parallel to p. Integrating RHS of ERG equation(2 . 23) with respect to the internal momenta q, one can expand it in terms of the momentum scale |p|.
We approximate the effective action as:
We neglect kinetic term of σ, which is not concerned with the analysis here. The π wave function renormalization factors of the spatial derivative and the temporal one are different because Lorentz invariance is lost. The potential part V (q, q, σ, π) is a function not only of S =qq and P = iqγ 5 q but also ofq Λ AUX q Λ AUX and iq Λ AUX γ 5 q Λ AUX , therefore vertices of V have momentum dependence like θ(Λ AUX − p).
The complexity arising from θ(Λ AUX − p) can be avoided by dividing the ERG evolution into two regions, i.e. the high enrgy region Λ > Λ AUX and the low energy region Λ < Λ AUX .
In the high enegy region,q Λ AUX q Λ AUX and iq Λ AUX γ 5 q Λ AUX do not contribute to r.h.s. of Eq.(2 . 23) since the support ofq Λ AUX (p) and q Λ AUX (p) are restricted to p < Λ AUX < Λ.
Thus we can forget V a in this region. Next, in the low energy region, we need not distinguish q Λ AUX (p) from q(p) in the vertices of the effective action with external momentums p i < Λ AUX and of course in the ERG equation (2 . 23). Hence we can replace q Λ AUX (p) to q(p) by choosing Λ AUX larger than typical scales of the chiral dynamics. Now our prescription is that in the high energy region we solve ERG equation by neglecting V a term and at Λ = Λ AUX we shift the potential V (q, q, σ, π) → V (q, q, σ, π) + V a (q Λ AUX =q, q Λ AUX = q). Hereafter in both regions, we write the arguments of the potential V as S, P , σ and π i.e. V (S, P, σ, π)
We can get the ERG equation for V by substituting the zero modes of the composite
where V (2) and G
are the matrices of the second derivative of V and of the four fermi interaction induced by one gluon exchange (2 . 4) with respect to the (anti-)quark fields respectively.
The derivatives of V with respect to (anti-)quarks can be written as
where we omit the terms generating the non-ladder diagrams in ERG. Thus the matrix V
is
31) * ) For fermionic theory, we cannot insert the zero modes of the fermion fields. Otherwise, the higher vertices which is necessary to produce the bulk structure of the general Green function of the fermions vanish due to the Grassmann nature of fermion.
where subscript 'S' and 'P ' denotes the derivative with respect to S ≡qq and P ≡ iqγ 5 q respectively, e.gV S = ∂V /∂S. The second functinal derivative of gauge induced four fermi interactin G (2) 1 is calcurated as:
The argument of the gauge coupling constant g is an I.R. cutoff Λ, i.e. leading order in momentum scale expansion. The ladder contributions to σ channel and π channel are given as follows,
where we use the relation of the generator T A :
and 1 c is a color unit matrix. Consequently, we find the ladder contribution from the gauge interaction G 1 as:
The trace of the gluon propagator trG
µµ AA reduce to a factor 
where we writeV ≡ V −g 2 (S 2 +P 2 )trG −1 /32N 2 c N f and n ′ is a summation over Mastubara mode n with the condition Λ 2 ≥ ω 2 n . Thus the RG evolution terminates at Λ = πT . The ERG flow equations for the pion wave function renormalization factor are given by the following integral,
where the subscript π of l.h.s. denotes the functional derivative with respect to the pion field π(p). The step function θ(Λ AUX − Λ) in r.h.s. of Eq.(2 . 38) is due to the cutoff of the quarkmeson interaction. S F and Y π are the massive quark propagator on the vacuum < σ >= σ 0 and the Yukawa coupling constant for pion respectively. Intorducing the coupling constants V = mqq + y πqiγ 5 q + · · ·, S F is written as:
and Y π is given by,
By expanding r.h.s. of Eq. (2 . 38) in terms of the momentum scale |p|, we find the ERG flow equation for the wave function renormalization factor of the meson fields,
where ζ 0 and ζ 1 are given by
(2 . 44) §3. Numerical Analysis
Truncation and Λ AUX dependence of the order parameters
Before starting the analysis of the chiral phase transition at finite temperature, we investigate the truncation and Λ AUX dependence of the order parameters. In general, the approximate solutions depends Λ AUX since the Λ AUX dependent factors cannot be eliminatted by the normalization of the redundant degrees of freedom σ, π. Hence the Λ AUX dependence of the results should be verified. In this paper we show truncation/Λ AUX dependence of the order parameters such as the pion decay constant f π and the chiral condensate <ψψ > at zero temperature.
At zero temperature, the ERG flow equation for the V reduces to 
The π decay constant f π is given in terms of Z π and the vacuum expectation value (VEV)
To estimate the chiral condensate, we introduce the external source m 0 for the composite operatorqq. The chiral condensate is given by
where we write the renormalization point Λ 0 since this formula leads the chiral condensate renormalized at U.V. cutoff scale Λ 0 . We first investigate the truncation dependence of the order parameters. The potential V is truncated to the (N − 1)-th polynomial of S, 5) where v n are the VEV σ 0 dependent coeffients. By virtue of parity invariance, the higher terms of P do not contribute to O(P 0 ) terms. So we can neglect such terms in (3 . 5) without losing generality. The ERG flow equation reduce to a coupled ordinary differential equation. The truncation (N) dependence of f π is shown in Fig.1 . In this calculation, we choose ∆t ≡ ln(Λ AUX /Λ QCD ) = 0.88. As shown in Fig.1 , π decay constant rapidly converge against truncation of the effective potential V (S) and is found f π = 93.4 MeV.
In Table I , the truncation dependence of chiral condensate, the quark dynamical mass and π decay constant are described. The chiral condensate is renormalized at 1 GeV. Although the chiral condensate and the dynamical quark mass have already been calculated in Ref. 8 
),
we show the truncation dependence of these quantities since the results may depend on the unphysical parameters, e.g. ∆t, for the lower truncation N ≤ 5 where the results not yet converge.
Next, we investigate the Λ AUX dependence of the order parameters. The Λ AUX dependence of <ψψ > and f π for N=10 are summarized in Table II is quite stable to ∆t. The Λ AUX dependence of π decay constant is not eliminated due to our approximation. We neglected the terms like π∂ 2 (iqγ 5 q) and (∂ µ (iqγ 5 q)) 2 which contribute to ERG equation of Z π . O(∂ 0 ) quantity <ψψ > and m eff are stable to the change of Λ AUX in this approximation. The stabilities of these quantities are maintained at finite temperature.
For T = 100 MeV and N = 6, Λ AUX dependence of <ψψ > was estimated 0.5% in the region ∆t = [0.5, 1.0]. Therfore the critical temperature is also stable. Hereafter we choose ∆t = 0.88. 
Chiral phase transition at high temperature
Let us analyze the chiral phase transition at high temperature. We first solve the ERG equation for the potential V (S) to estimate the critical temperature and the chiral condensate. The ERG equation for V (S) is already derived in (2 . 37). Expanding the potential as:
, and substituting to the ERG equation we have
where ζ n denote Matsubara frequency sums i.e.
The temperature dependence of the potential V are shown in Fig.3 . The order of phase transition is second order or very weak first order, and the critical temperature in our approximation is found to be 103. . Their analyses do not consider the gluon thermal mass.
These two works adopt the same running coupling constant g(p, k) at T = 0. Furthermore, the angular dependent part of the argument of g(p, k) = g((p − k) 2 ) was neglected. In our analysis, the higher order terms with respect to |p| are not introduced at present. This approximation scheme corresponds to g(p, k) = g(max(p, k)). Next, we estimate the pion decay constants at finite temperature. At finite temperature, there are two distinct π decay constants :temporal one f πT and spatial one f πL . They are defined by
We can calculate these in terms of the wave function renormalization factor of meson field :
14)
The ERG flow equations for Z πL and Z πT are already derived in (2 . 41),(2 . 42). Solving those equation, and substituting the solution to (3 . 14), we gain f πL and f πT . The chiral condensate <ψψ > can be evaluated by common manner with zero temperature case. The temperature dependence of the order parameters are shown in Fig.4 . Order parameters go to zero at critical temperature T c = 103.0 MeV. The two decay constants are identical in the low temperature region, however the difference of these cannot be neglezible for T > 60 MeV. Here, we can consider pion velocity in thermal bath. Pion's squared velocity v 2 is defined from the ratio of pion wave function renormalization factors, or decay constants.
The temperature dependence of the pion velocity v is drawn in Fig.5 . It shows that pion travels at the velocity of light in low temperature region, and that it slows down gradually as temperature rises. Next, we want to know the critical exponents from the temperature dependence of the order parameters. The critical exponents for the chiral condensate <ψψ > and decay constants f πL , f πT shoud be univarsal since they should vanish as the VEV σ 0 (T ). So we calculate the critical exponent ν for the chiral condensate from the behavior near the critical temperature T c . The chiral condensate behaves as;
The logarithms of <ψψ > and |T − T c | ν are plotted in Fig.6 . If the temperature T closes to the critical one T c , the graph shows propotional relation. The critical exponent is estimated from the gradient. We can find the critical exponent: ν = 0.48.
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So far, we carry out the calculations at finite temperature introducing the gluon thermal mass in the HTL approximation. This is the most striking difference from many previous works in SDE. There are several attemptions to introduce the gluon thermal mass. We finally carry out the calculation in other approximations, and show how the difference is reflected to the result. In Table III , we compare our result with other approximation scheme for the thermal screening effects.
The values 'HTL approx' in Table III are our results. Next case is well known form of the Landau damping 17) ,
This approximation has been applied to investigate the color superconductivity at high , the chiral phase transition at finite temperature/density has disscused in this approximation. The deviation from our result are at most 4% for the critical exponent, while 20 ∼ 40% for the critical temperature. Such considerable T c gaps tells that we should be careful for approximating the thermal screening effect in the analysis of chiral phase structure. §4. Summary and Discussions
In this paper we analyzed the chiral phase structure of finite temperature QCD by solving the sharp cutoff ERG flow equation. We derived the equation in the ladder approximation, and the gluon thermal mass is incorpolated by the HTL approximation. As a result the critical temperature T c has become about 103 MeV, which is considerably lower value than the one calculated by neglecting the thermal mass. We also make certain that T c depends the approximation scheme for the themal mass. Our result shows that the screening effect is an important factor when chiral phase structure of finite temperature QCD is discussed.
In this paper, we replaced the gauge sector by the momentum dependent four fermi operator induced by one gluon exchange. Of course, Debye-screening effect in finite temperature QCD can be incorpolated solely by ERG. Then we have to employ the gauge invariant ERG 15) or MSTI 14) . As mentioned in §2, both attemptions will demand too much effort of human as well as machines. The phase transition seems to be second order, or very weak first order. We also studied the temperature dependence of the order parameters. The chiral condensate and two π decay constants f πL and f πT vanished for T ≈ 103 MeV, that is the critical temperature. When T = 0, f πL and f πT have the same value. However, as temperature rises higher T > 60 MeV and approaches T c , the difference becomes evident. The pion velocity is determined from the ratio of the decay constants, and it decreases gradually as temperature rises.
It is one of the attractive subject to apply our method to the case of finite density. In the pase few years, it has been clarified that the vacuum of hot/dense QCD has rich structure, e.g. color super conducting phase, color-flavor locking phase, and so on. 22 ) Application of our method to the finite density case seems to be straightforward.
